344 CHAPTER 5 APPLICATIONS OF INTEGRATION

m Areas Between Curves
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In Chapter 4 we defined and calculated areas of regions that lie under the graphs of
functions. Here we use integralsto find areas of regions that lie between the graphs of two
functions.

Consider the region S that lies between two curves y = f(x) and y = g(x) and be-
tween the vertical lines x = a and x = b, where f and g are continuous functions and
f(x) = g(x) for al xin[a, b]. (See Figure 1.)

Just as we did for areas under curvesin Section 4.1, we divide S into n strips of equal
width and then we approximate the ith strip by a rectangle with base Ax and height
f(x{) — g(x¥). (SeeFigure 2. If weliked, we could take all of the sample pointsto be right
endpoints, in which case x{ = x;.) The Riemann sum
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is therefore an approximation to what we intuitively think of asthe area of S.
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(a) Typical rectangle (b) Approximating rectangles

This approximation appears to become better and better asn — . Therefore we define
the area A of the region S as the limiting value of the sum of the areas of these approxi-
mating rectangles.
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Werecognizethelimitin|1] asthe definiteintegral of f — g. Therefore we havethefol-
lowing formulafor area.

@ The area A of the region bounded by the curvesy = f(x), y = g(x), and the
linesx = a, x = b, where f and ¢ are continuous and f(x) = g(x) for al x in[a, b], is

A= ["1100 — g0 dx

Notice that in the special case where g(x) = 0, S is the region under the graph of f
and our general definition of area |1] reduces to our previous definition (Definition 2 in
Section 4.1).
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