
ان  ت  گ  رال . ۱ ف  ص  ل ۸

A = lim
x→∞

Ln = lim
x→∞

[f(x0)∆x+ f(x1)∆x+ · · ·+ f(xn−1)∆x] ۳

ن  ت  ی  ج  ه ه  م  ان و گ  رف  ت ن  ظ  ر در را [xi−1, xi] ام i زی  رب  ازه در x∗
i م  ان  ن  د دی  گ  ری دل  خ  واه م  ق  دار ه  ر م  ی ت  وان زی  رب  ازه ه  ا ان  ت  ه  ای  ی ن  ق  اط ب  ج  ای واق  ع در

ان  ت  ه  ای  ی ن  ق  اط ن  م  ون  ه ن  ق  اط آن در ک  ه را ت  ق  ری  ب م  س  ت  ط  ی  ل ه  ای ۸ ش  ک  ل م  ی ن  ام  ن  د. ن  م  ون  ه ن  ق  اط را x∗
n, . . . , x

∗
2, x∗

1 ن  ق  اط آورد. ب  دس  ت را
ص  ورت ب  ه م  ی ت  وان را S ن  اح  ی  ه م  س  اح  ت ک  ل  ی ط  ور ب  ه ب  ن  اب  رای  ن م  ی ده  د. ن  ش  ان ن  ی  س  ت  ن  د زی  رب  ازه ه  ا

A = lim
x→∞

[f(x∗
1)∆x+ f(x∗

2)∆x+ · · ·+ f(x∗
n)∆x] ۴

ن  م  ود. ب  ی  ان
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Definition The area A of the region S that lies under the graph of the continu-
ous function is the limit of the sum of the areas of approximating rectangles:

It can be proved that the limit in Definition 2 always exists, since we are assuming that
is continuous. It can also be shown that we get the same value if we use left endpoints:

In fact, instead of using left endpoints or right endpoints, we could take the height of the ith
rectangle to be the value of f at any number in the ith subinterval . We call the
numbers , , . . . , the sample points. Figure 13 shows approximating rectangles
when the sample points are not chosen to be endpoints. So a more general expression for the
area of S is

NOTE It can be shown that an equivalent definition of area is the following: is the
unique number that is smaller than all the upper sums and bigger than all the lower sums.
We saw in Examples 1 and 2, for instance, that the area is trapped between all the
left approximating sums and all the right approximating sums . The function in 
those examples, , happens to be increasing on and so the lower sums arise
from left endpoints and the upper sums from right endpoints. (See Figures 8 and 9.) In gen-
eral, we form lower (and upper) sums by choosing the sample points so that 
is the minimum (and maximum) value of on the th subinterval. (See Figure 14 and 
Exercises 7–8).
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۸ ش  ک  ل

م  ث  ال ب  رای م  ی ک  ن  ی  م. اس  ت  ف  اده س  ی  گ  م  ا ن  م  اد از اس  ت، زی  اد آن م  ول  ف  ه ه  ای ت  ع  داد ک  ه م  ج  م  وع ه  ای  ی ن  وی  س  ی خ  لاص  ه ب  رای اغ  ل  ب م  ا

n∑
i=1

f(xi)∆x = f(x1)∆x+ f(x2)∆x+ · · ·+ f(xn)∆x


