The Cubic Equation Formula

Theorem (The Cubic Equation Formula). The roots of the cubic equation
(1) ax® +bx? +ex+d=0

where a # 0, can be computed by
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Proof. If we divide everything on the left hand side and the right hand side of = in Equation (1) by a, we
get the cubic equation
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So the cubic Equation (1) can be reduced to the cubic equation

(2) x> +Bx* +Cx+D =0
where
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B=-— C=-—- D=-.
(3) o . N

We can even reduce the cubic Equation (2) by eliminating the x? term. Let x =y + «. Then

= (y+a)® =y’ +3oy? + 3o’y + o,
Bx? = B(y + «)? = B(y? + 2oy + o) = By? + 2aBy + o’ B,
Cx=Cy+a) =Cy+«C.

So the cubic Equation (2) can be written as
y? + B+ B)y? + (30? +2aB + C)ly + (o® + o?B+ aC + D) =0

We wish to eliminate the y? term so we want 30t + B = 0. This gives o = —%B. It can be computed that
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Hence, the cubic Equation (2) can be reduced by the substitution

1
(4) X—‘J—gB

to the cubic equation

(5) Y +py+q=0
where
L 2.5 1
(6) p=-3B°+C,  q=B’—3BC+D.

So the problem of finding the roots of the cubic Equation (1) has reduced to finding the roots of the cubic
Equation (5) which is easier to deal with.
So we are now trying to solve the cubic Equation (5). Let y =z — 3>. Then
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So the cubic Equation (5) by the substitution
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(7) y =z 32
reduces to
3
(8) 2P 1q=0
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Multiplying Equation (8) by 27z3, gives the quadratic equation
27(23)* +27qz> —p* =0

in z3. We can compute z3 by using the quadratic equation formula.
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Hence, we can compute z.
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By using Equation (6), we have
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By substituting Equation (9) into Equation (7), we get

and
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We can write Equation (4) as
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We can finally give an explicit formula for the roots of the cubic Equation (1) by using Equation (3).
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This completes the proof. []
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