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 �û�ó¢�ãõ �� ùÀ�î�Â� ¤�Ïý
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 �û�ó¢�ãõ �� üû�ð øº�û ¤¢ üÞ¨¤ ¤
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 �û�ó¢�ãõ �õ� .À÷�ªüõ ��ª� · · · ø ,��õ ý
 �ó¢�ãõ ,§���.À÷�ªüõ üêÂãõ �û�ó¢�ãõ á�÷ ßþ� �Àµ�� �ó�Öõ ßþ� ¤¢ .¢Â�ðüÞ÷ ¤�Âì ¶½� ¢
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́ ó�� ¤¢ ×þ �±�¤ ý
 üÎ¡ ý
 üÜ®�Ô� ý
 �û�ó¢�ãõ Å³¨À�� Â¡� ¤¢ .À÷�ªüõ Û� ��÷ ´��� °
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 �±�¤ ý
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 �û�ó¢�ãõ.¢�ªüõ Û� ø üêÂãõ ,¢�ªüõ Âû�Ò �ûö� ¤¢ üÜ®�Ô� ý
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 ��Æõ ¥� ñ�·õ.ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ Âþ¥ Û
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 �ó¢�ãõ

dx

dt
= 1. (1),´ª�÷ ö���üõ ��÷ Âþ¥ Û
 Øª �� �¤ �ó¢�ãõ ßþ� .´¨� �µ¨��� ýÂ�çµõ t �ó¢�ãõ ßþ� ¤¢

lim
∆t→0

x(t + ∆t) − x(t)

∆t
= 1. (2)ý��ó¢�ãõ ´¨� ßØÞõ ,À�î ¤��µ¡� ¼�½¬ ¢�Àä� À÷��µ� �ú�� ø Àª�� �µÆÆð ýÂ�çµõ t Âð�,Ý�ª�� �µª�¢ Âþ¥ ý
 �ó¢�ãõ �
 �±ª

xt+1 − xt = 1. (3)
difference equations11
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üð¢�¨ � � x(0) �f ·õ � � óø� ¤
�ÀÖõ ×þ ß
 µª�¢ � � �¤ (1) Û
 �Æ ÷�ÂÔ þ¢ ý
 � ó¢� ãõ �
 ���,Ýþ¤ø� ´¨¢ �� Ý�÷���üõ
x(t) = t + x(0). (4),Ý��î Û� Ý�÷���üõ x0 �f ·õ ß
 µª�¢ �� ��÷ �¤ (3) ý
 üÜ®�Ô� ý
 �ó¢�ãõ

xt = t + x0. (5)ñ
 �·õ ßþ� ¤¢ .´¨� �µÆÆð ýÂ�çµõ t (5) ¤¢ ø �µ¨��� ýÂ�çµõ t (4) ¤¢ �î Àþ¤�¢ ����,´¨� Ýû �
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 üÜ®�Ô� ý
 �ó¢�ãõ �
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 �ó¢�ãõ ¤¢ �î Ýþ¤�¢ ���� �µ±ó� .´Æ�÷ ¤�Ïßþ� üÜî 
́ ó�� ¤¢ üóøý
 �Â� üÜ®�Ô� ý
 �ó¢�ãõ ×þ .À�îüõ ¤��µ¡� �¤ ¼�½¬ ¢
�Àä� t (3) ý
 üÜ®�Ô� ý
 �ó¢�ãõ ¤¢�f ·õ ,ÀþÂ�Ú� ÂÑ÷ ¤¢ À�îüõ ¤��µ¡� ¼�½¬ ¢
 �Àä� n �î xn

xN+n + pN−1(n)xN+n−1 + · · · + p0(n)xn = q(n). (6)ý
 �Â� n Å
 þÀ÷� ßþÂ�Ýî ø ßþÂ�Ç�� é
 �µ¡� �� ´¨� Â��Â� üÜ®�Ô� ý
 �ó¢�ãõ ×þ ý
 �±�¤(3) ý
 �ó¢�ãõ .N �� ´¨� Â��Â� (6) ý
 �ó¢�ãõ ý
 �±�¤ .¢�ªüõ Âû�Ò �ó¢�ãõ ¤¢ �î xn Â
 �çµõ.´¨� ×þ �±�¤ ý
 üÜ®�Ô� ý
 �ó¢�ãõ ×þ,À ÷¤�¢ ýÂ �ù¢� ¨ Û
 � ´ �� � °
 þ�Â ® � � Û � Æ ÷�Â Ô þ¢ ý
 � û� ó¢� ã õ � î ¤� Ï ö� Þ ûý
 üÜ®�Ô� ý
 �û�ó¢�ãõ
Ûa � .´¨� Â�ù¢�¨ ��÷ ´��� °
 þ�Â® �� üÜ®�Ô� ý
 �û�ó¢�ãõ
Ûa �.´¨� Â�ùÀ�»�� ñ�¬��üÜä üÎ¡Â
�è Û
 �Æ÷�ÂÔþ¢ ý
 �û�ó¢�ãõ
Ûa � �
 ��Èõ ��÷ üÎ¡Â
�èüÜ®�Ô� ý
 �û�ó¢�ãõ 2´��� °
 þ�Â® �� ×þ �±�¤ ý
 üÜ®�Ô� ý
 �û�ó¢�ãõ 1.2.ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ Âþ¥ ß
 ðÝû ý
 üÜ®�Ô� ý
 �ó¢�ãõ (1
ñ�·õ
xn+1 = p xn, n = 0, 1, 2, · · · (7)

x0 �f ·õ ,�û xk ¥� üØþ Àþ�� �ó¢�ãõ ßþ� ü
 Üî �
 ��� ö
 ¢¤ø� ´¨¢ �� ý
 �Â� .´¨� ´��� ×þ p.´ª�¢ �¤2
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x1 = p x0

x2 = p x1 = p2 x0

x3 = p x2 = p3 x0

· · ·

xn = p xn−1 = pn x0. (8)
x(t) = Cept Û
 Øª �� �¤ ,´��� °
 þ�Â® �� Û�Æ÷�ÂÔþ¢ ý
 �û�ó¢�ãõ ü
 õ�Þä �
 ��� �î ¤�Ïö�Þû��÷ �¤ ,´��� °
 þ�Â® �� üÜ®�Ô� ý
 �û�ó¢�ãõ ü
 õ�Þä �
 ��� ,ÝþÂ�ðüõ ((ep)t âì�ø ¤¢ �þ)ß��ã� ý¥Âõ 
̄ Âª ¥� ù¢�Ôµ¨� �� �î ´¨� ´��� ×þ C ��ßþ� ¤¢ . 2ÝþÂ�ðüõ xn = CZn.Àþ�üõ ´¨¢ �� ��÷ Z ¤
�ÀÖõ ,(5) ¤¢ ���� ý
 �Â� ù¢�ú÷ßþ� ý
 ¤�Áð�� �� .¢�ªüõ

CZn+1 = p CZn ⇒ Z = p. (9).´¨� xn = x0p
n °��Â� ßþ� �� .¢�ªüõ C = x0 ,��óø� ¤
�ÀÖõ ß
 µª�¢ ��ßðÝûÂ
�è üÜ®�Ô� ý
 �ó¢�ãõ �î Ý��î �ê�®� �ÜÞ� ×þ (7) ý
 �ó¢�ãõ �� Ý�þ��� ��� (2
ñ�·õ.¢�ª
xn+1 = p xn + β. (10)��¹÷� ,Ýþ¢Âîüõ ßðÝû Â
 �è ý
 üÎ¡ Û
 �Æ÷�ÂÔþ¢ ý
 �ó¢�ãõ Û
 � ¤¢ �î ý¤�î ö�Þû Ýû ¥��üÜ®�Ô� ý
 �ó¢�ãõ ý
 �Â� «�¡ ü���� ø ßðÝû ý
 �ó¢�ãõ ü
 õ�Þä �
 ��� �Àµ�� ü�ãþ .Ý�û¢üõý¥Âõ 
̄ Âª ¤¢ �î «�¡ �
 ��� ø üõ�Þä �
 ��� â
 Þ� .Ýþ¤ø�üõ ´¨¢ �� �¤ ßðÝûÂ
 �è

p 6= 1 ý
 �¥� �� .Ýþ¢¤ø� ´¨¢ �� �f ±ì �î �¤ ßðÝû Ç
 ¿� �
 ��� .´¨� ���� ,À�î ëÀ¬ßþ� ý
 ¤�Áð�� �� .ÝþÂ�Ú� ,´¨� ´��� ý¤�ÀÖõ D �î ,xn = D Ý�÷���üõ �¤ «�¡ �
 ���.Àþ�üõ ´¨¢ �� D ,(10) ý
 �ó¢�ãõ ¤¢ ¤�ÀÖõ
D = pD + β ⇒ D =

β

1 − p
. (11)�� ý
 �Â� .´¨� «�¡ �
 ��� ø ßðÝû ü
 õ�Þä ý
 �û���� â
 Þ� (10) ý
 �ó¢�ãõ ý
 üÜî ����.Ý��îüõ ù¢�Ôµ¨� ��óø� 
̄ Âª ¥� �
 ��� ßðÝû �
 ��� 
́ ��� °
 þÂ® ö
 ¢¤ø� ´¨¢

xn = Cpn +
β

1 − p
⇒ xn = x0p

n +
β(1 − pn)

1 − p
. (12),Ý�Æþ��� Fxn = 0 ý
 ÂðÛÞä Û
 Øª �� �¤ �ó¢�ãõ ßþ� Âð� ø À�µÆû n ¥� ÛÖµÆõ (7) ý
 �ó¢�ãõ ¤¢ °þ�Â®2íÂµÈõ â
 ���ùÄþø Ý�÷���üõ Å� ,´¨� üþ������ (Pxn = xn+1) P ,ñ�Öµ÷� Â
ðÛÞä �� F Â
ðÛÞä �î ´¨� ¼®�ø.´¨� ñ�Öµ÷� Â
ðÛÞä â
 ���ùÄþø CZn .Ý����� �ûö� ý
 �Â�3
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��÷ üµÈð¥�� ý
 �ó¢�ãõ ×þ ö
 ���ä �� (10) ý
 �ó¢�ãõ Û
 � ø Ý�ÖµÆõ ý
 �±¨�½õ �� �µ±ó�ý
 �Â� ,Ýþ¢¤ø� ´¨¢ �� p 6= 1 ý
 �Â� �î ü¬�¡ �
 ��� .¢¤ø� ´¨¢ �� �¤ ���� ß�Þû Àªüõ×þ �î xn+1 − xn = β Û
 Øª �� (10) ý
 �ó¢�ãõ p = 1 ý
 �¥� �� .¢¤�¡üÞ÷ ¢¤¢ �� p = 1�
 ��Èõ) �ó¢�ãõ ßþ� �
 ��� .Àþ�üõ ¤¢ ,´¨� ( �µ¨��� 
́ ó�� ¤¢ ÕµÈõ �
 �±ª) Ûõ�î Û
 ®�Ô���Æ� ��÷ �¤ (12) �
 ��� p → 1
Àa � Âð� À��î ´ì¢ .´¨� xn = x0 + βn (�µ¨��� 
́ ó��.Ý�¨¤üõ ���� ß�Þû �� Ý��î´���Â
�è °
 þ�Â® �� ×þ �±�¤ ý
 üÜ®�Ô� ý
 �û�ó¢�ãõ 2.2.ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ Âþ¥ ß
 ðÝû ý
 üÜ®�Ô� ý
 �ó¢�ãõ
xn+1 = (n + 1)xn, n = 0, 1, · · · (13)Ýþ¤�¢ �¤�¬ ßþ� ¤¢ .¢¤ø� ´¨¢ �� ö���üõ üµÈð¥�� �
 ¤�¬ �� �¤ �ó¢�ãõ ßþ� �
 ���

xn = x0n!. (14).´¨� Âþ¥ ß
 ðÝû ý
 üÜ®�Ô� ý
 �ó¢�ãõ �ó¢�ãõ ßþ� Ý
 �Þã� ßþÂ�ù¢�¨
xn+1 = p(n)xn, n = 0, 1, · · · (15)�ó¢�ãõ ßþ� �
 ��� �¤�¬ ßþ� ¤¢ .¢Âî Û� ö���üõ üµÈð¥�� �
 ¤�¬ �� ��÷ �¤ �ó¢�ãõ ßþ� �î¢�ªüõ

xn = x0

n−1
∏

j=0

p(j). (16)¥� ´¨� �¤�±ä ß
 ðÝûÂ
�è ý
 üÎ¡ ý
 üÜ®�Ô� ý
 �ó¢�ãõ ßþÂ�üÜî
xn+1 = p(n)xn + q(n). (17)ý
 �Â� .¢Âî ÛþÀ±� ×þ ý
 �±�¤ Û
 õ�î Û
 ®�Ô� ×þ �� �¤ �ó¢�ãõ ßþ� ö���üõ Â�çµõ Â
 ��ç� ×þ ��,Ýþ¤�¢ �¤�¬ ßþ� ¤¢ .Ý��îüõ �Â® ∏n−1

j=0 p−1(j) ¤¢ �¤ (17) ý
 �ó¢�ãõ ¤�î ßþ�
xn+1

∏n
j=0 p(j)

=
xn

∏n−1
j=0 p(j)

+
q(n)

∏n
j=0 p(j)

(18)Ó
 þÂã� �� �î4
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yn :=
xn

∏n−1
j=0 p(j)

, Q(n) =
q(n)

∏n
j=0 p(j)

, (19)�� ¢�ªüõ ÛþÀ±�
yn+1 = yn + Q(n). (20).¢¤ø� ´¨¢ �� ö���üõ üµÈð¥�� �
 ¤�¬ �� �¤ �ó¢�ãõ ßþ� �
 ���
yn = y0 +

n−1
∑

j=0

Q(j). (21).Ýþ¤ø�üõ ´¨¢ �� �¤ xn ��ßþ�¥�
xn = [

n−1
∏

s=0

p(s)]

[

n−1
∑

k=0

q(k)
∏k

j=0 p(j)
+ x0

]

. (22)©
 ø¤ ø À � µ Æ � ÷ Û� Û
 �� ì ü µ��¤ � � ñ�¬��ü Ü ä üÎ¡Â
 � è ý
 ü Ü®� Ô � ý
 � û� ó¢� ã õÂ�çµõ Â
 ��ç� ×þ �� ´¨� ßØÞõ ý¢¤��õ ¤¢ �µ±ó� .¢¤�À÷ ¢��ø �ûö� Û
 � ý
 �Â� ý¢¤�À÷�µ¨�ñ
 �·õ ¤¢ �f ·õ .¢Âî üÎ¡ �¤ �ÜÿÆõ
xn+1 = x2

n, (23).´¨� üÎ¡ Àþ�üõ ´¨¢ �� yn ý
 �Â� �î ý��ó¢�ãõ ,yn := lnxn Â
�çµõ Â
��ç� ��
yn+1 = 2yn, ⇒ yn = 2ny0. (24)ý
 üÎ¡Â
�è ý
 �ó¢�ãõ ¤¢ .xn = x

(2n)
0 ��ßþ� ¥� �î

xn+1 = 2x2
n − 1, (25).À�îüõ yn ý
 �Â� üÎ¡ ý��ó¢�ãõ �� ÛþÀ±� �¤ (25) ý
 �ó¢�ãõ xn =: cos yn Â
 �çµõ Â
 ��ç�Âî£ �î ¤�Ïö�Þû �µ±ó� .À�µÆû üõ�û�õ ,|xn| ≥ 1 ý
 �Â� ø üÖ�Ö� �û yn ,|xn| ≤ 1 ý
 �Â�.¢¤�À÷ ¢��ø üÎ¡Â
�è ý
 �û�ó¢�ãõ Û
 � ý
 �Â� üªø¤ üÜî 
́ ó�� ¤¢ Àª´��� °
 þ�Â® �� N ý
 �±�¤ ý
 üÜ®�Ô� ý
 �ó¢�ãõ 3.2.´¨� Âþ¥ �
 ¤�¬ �� N ý
 �±�¤ ¥� ý
 üÎ¡ ý
 üÜ®�Ô� ý
 �ó¢�ãõ ßþÂ�üÜî5
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xN+n + pN−1(n)xN+n−1 + · · · + p0(n)xn = q(n). (26)�¤�¬ßþ� ¤¢ ,À�ª�� n ¥� ÛÖµÆõ q ø ,pi °
 þ�Â® �
 �Þ� À��î ­Âê
xN+n + pN−1xN+n−1 + · · · + p0xn = q, (27)ßþ�
Ûa � ý
 �Â� .´¨� ´��� °
 þ�Â® �� N ý
 �±�¤ ¥� ý
 üÎ¡ ý
 üÜ®�Ô� ý
 �ó¢�ãõ ßþÂ�üÜîü���� ö
 ¢Âî �ê�®� �� Å³¨ .Ýþ¤ø�üõ ´¨¢ �� �¤ ßðÝû ý
 �ó¢�ãõ �
 ��� �Àµ�� �ó¢�ãõ¤¢ �î üµ��� °
 þ�Â® ��óø� ý
 �û¯Âª ¥� ù¢�Ôµ¨� �� .Àþ�üõ ´¨¢ �� üÜî �
 ��� ö� �� «�¡��×þ ¤
�Ï �� üÜ®�Ô� ý
 �ó¢�ãõ �
 ��� �îö� ý
 �Â� .Àþ�üõ ´¨¢ �� À÷¤�¢ ¢��ø üÜî �
 ���.Ý�ª�� �µª�¢ ý¥Âõ �þ ��óø� 
́ ��� üÜ®�Ô� ý
 �ó¢�ãõ ý
 �±�¤ ý
 ù¥�À÷� �� Àþ�� ¢�ª ß��ã�ßþ� ý
 ¤�Áð�� �� .ÝþÂ�ðüõ ÂÑ÷ ¤¢ ßðÝû Ç
 ¿� �
 ��� ö
 ���ä �� �¤ xn = CZn ý
 ù¢�ú÷.Ý�¨¤üõ Z ý
 �Â� Âþ¥ ý
 �ó¢�ãõ �� (27) ý
 �ó¢�ãõ ¤¢ ����

ZN + pN−1Z
N−1 + · · · + p0 = 0. (28)ßðÝû ý
 �ó¢�ãõ �
 ��� ,´¨� üÎ¡ �ó¢�ãõ ßþ� ö�� .Àû¢üõ Z ý
 �Â� ���� N �ó¢�ãõ ßþ�.´¨�û���� ßþ� ¥� üÎ¡ ü±�îÂ�

xn = C1Z
n
1 + C2Z

n
2 + · · ·CNZn

N . (29)� � ��� � C1Z
n
1 + C2Z

n
2 ý
 � � � � ,À � ª� � ü Ø þ Z2 ø Z1 �f · õ � û��� � ¥� � � ø¢ Â ð��
 ¤�¬ �� ���� Àª�� k ý
 �±�¤ ¥� �÷�ðÀ�� �Èþ¤ Âð� �þ ø .´¨� (D1 + D2n)Zn

1 �
 ¤�¬.´¨� (D1 + D2n + · · · + Dknk−1)Zn
1ßþ� ý
 ¤�Áð�� �� D 
́ ��� �î ,´¨� x(p)

n = D ,(27) ý
 �ó¢�ãõ ý
 �Â� «
 �¡ �
 ��� ×þ.Àþ�üõ ´¨¢ �� (27) ý
 �ó¢�ãõ ¤¢ ����
x(p)

n =
q

1 + pN−1 + · · · + p0
. (30)�î ´¨� ñ�±ì Û
 ��ì ü�¤�¬ ¤¢ ���� ßþ�

1 + pN−1 + · · · + p0 6= 0. (31)�¤�¬ � � �¤ (27) ý
 � ó¢� ã õ «
 � ¡ �
 �� � ,À � ª� � Â Ô¬ ° þ�Â® â
 Þ� � î ü �¤�¬ ¤¢�¤�¬ ßþ� ¤¢ .ÝþÂ�ð üõ x
(p)
n = D1n6
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D1 [(N + n) + pN−1(N + n − 1) + · · · + p0n] = q,

⇒ x(p)
n =

q

N + pN−1(N − 1) · · · + p1
n. (32).Àª�� ÂÔ¬Â
 �è ��� �
 ��� ¤¢ ÂÆî �
 Â¿õ �î ´¨� ñ�±ì Û
 ��ì ���� ßþ� ü�¤�¬ ¤¢ Ýû ¥��.ÝþÂ�ðüõ x

(p)
n = D2n

2 �
 ¤�¬ �� �¤ «�¡ �
 ��� Àª ÂÔ¬ Ýû ¤�ÀÖõ ßþ� �î ü�¤�¬ ¤¢°��Â� ßþ� �� .Ý�û¢üõ �õ�¢� �¤�¬ ß�Þû �� ¢�±÷ ñ�±ì Û
 ��ì Ýû ���� ßþ� �î ü�¤�¬ ¤¢(?�Â�) .¢¤ø� ´¨¢ �� ö���üõ ���� ×þ �fÞµ�Àóa�õâ
 ��� 3¥� ù¢� Ô µ¨� ¢Âî Û� �¤ üÜ®�Ô � ý
 �û� ó¢� ãõ ö�� �üõ ö� ¥� ù¢�Ô µ¨� � � üû�ð �î ù�¤ ×þý
 �Â� Â�Ç�� Àóa�õâ
 ��� .¢�ªüõ ÓþÂã� Àóa�õâ
 ��� �
 �÷ �� üã��� ©ø¤ ßþ� ¤¢ .´¨� Àóa�õâ
 ���Â � Ýî�� ý
 �ó¢�ãõ �¤�¬ ßþ� ¤¢ .Àª�� ´�� � °
 þ�Â® �� �ó¢�ãõ �î ´¨� À�Ôõ ý¢¤��õ.¢�ªüõ ýÂ±� Àóa�õâ
 ���.ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ x1 = β ø x0 = α ý
 ��óø� 
̄ Âª �� Âþ¥ ý
 üÜ®�Ô� ý
 �ó¢�ãõ (3
ñ�·õ
axn+2 + bxn+1 + cxn = 0 (33).Ý��îüõ ÓþÂã� Âþ¥ �
 ¤�¬ �� �¤ G(Z) À
 óa�õâ
 ���

G(Z) =

∞
∑

n=0

xnZn. (34).ÝþÀ��üõ âÞ� n ý
 ø¤ ø �Â® Zn ¤¢ �¤ (33) ý
 �ó¢�ãõ
a

∞
∑

n=0

xn+2Z
n + b

∞
∑

n=0

xn+1Z
n + c

∞
∑

n=0

xnZn = 0. (35).Ý�Æþ��� Ý�÷���üõ G(Z) °
 Æ� Â� �¤ �ó¢�ãõ ßþ�
aZ−2

∞
∑

n=0

xn+2Z
n+2 + bZ−1

∞
∑

n=0

xn+1Z
n+1 + c

∞
∑

n=0

xnZn = 0,7
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aZ−2
∞
∑

n=2

xnZn + bZ−1
∞
∑

n=1

xnZn + c
∞
∑

n=0

xnZn = 0,

aZ−2(G(Z) − Zx1 − x0) + bZ−1(G(Z) − x0) + c G(Z) = 0. (36).Àþ�üõ ´¨¢ �� G(Z) ��ßþ� ¥�
G(Z) =

a(α + βZ) + αbZ

cZ2 + bZ + a
. (37).À�µÆû �û xn ÍÆ� °
 þ�Â® Ý�û¢ ¤�Ü�� Í
 Æ� Z = 0 ñ
 �� �¤ G(Z) Âð�Û� Ýû �¤ ´���Â
 �è °
 þ�Â® �� üÜ®�Ô� ý
 �ó¢�ãõ Ý�÷���üõ Àóa�õâ
 ��� ¥� ù¢�Ôµ¨� �� üû�ð.Ý�¨¤üõ G(Z) ý�Â� Û�Æ÷�ÂÔþ¢ ý
 �ó¢�ãõ ×þ �� ¢¤��õ ßþ� ¤¢ .Ý��î.ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ x0 = 1 
̄ Âª �� Âþ¥ ý
 üÜ®�Ô� ý
 �ó¢�ãõ (4
ñ�·õ

(n + 1)xn+1 + nxn + 2xn = 0. (38),ÝþÂ�ðüõ Âþ¥ �
 ¤�¬ �� �¤ Àóa�õâ
 ���
G(Z) =

∞
∑

n=0

xnZn. (39)üÜ�Æ÷�ÂÔþ¢ ý
 �ó¢�ãõ �� ¤�î ßþ� �� .ÝþÀ��üõ âÞ� n ý
 ø¤ ø �Â® Zn ¤¢ �¤ (38) ý
 �ó¢�ãõ.Ý�¨¤üõ G(Z) ý
 �Â�
dG(Z)

dZ
+ Z

dG(Z)

dZ
+ 2G(Z) = 0, ⇒

dG(Z)

dZ
= −

2

1 + Z
G(Z). (40)�î Ýþ¤�¢ ����

dG(Z)

dZ
=

∞
∑

n=0

nxnZn−1 =
∞
∑

n=0

(n + 1)xn+1Z
n. (41)üð¢�¨ �� �ó¢�ãõ ßþ� ¥� .¢�ªüõ G(0) = 1 ý��óø� 
̄ Âª �� Â¹�õ x0 = 1 ý
 ��óø� 
̄ Âª.Àþ�üõ ´¨¢ �� G(Z)

G(Z) =
G(0)

(1 + Z)2
=

1

(1 + Z)2
. (42).À�µÆû �û xn ÍÆ� °
 þ�Â® Ý�û¢ ¤�Ü�� Í
 Æ� �¤ G(Z) À
 óa�õâ
 ��� Âð�

G(Z) =
1

(1 + Z)2
=

∞
∑

n=0

(−1)n(n + 1)Zn, ⇒ xn = (−1)n(n + 1). (43)8
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ñ�·õ À�� 4.Ý��î �±¨�½õ �¤ I
(1)
n =

∑k=n
k=0 k ý
 ��ÜÞ� À�� À�þ��� (5
ñ�·õ.Ýþ¤ø� ´¨¢ �� �¤ À�îüõ ëÀ¬ ö� ¤¢ In �î ý�üÜ®�Ô� ý
 �ó¢�ãõ Ý�÷���üõ üð¢�¨ ��

I
(1)
n+1 − I(1)

n =

n+1
∑

k=0

k −

n
∑

k=0

k = n + 1. (44)×þ�±�¤ Û
 õ�î Û
 ®�Ô� ×þ ²� 
́ Þ¨ ø ´¨� ÂÔ¬ (44) ²
 � 
́ Þ¨ ¤¢ �û Il °
 þ�Â® â
 Þ����� ö���ä �� �¤ I
(1)
n = αn2 + βn + γ Å� ,´¨� üÎ¡ n �� ´±Æ÷ ´¨�¤ 
́ Þ¨ .´¨�¤¢ �¤ Ý þ�ù¢¥ §À� �î ü ���� Â ð� .γ = 0 ,ÀûÀ � õ �¹ � µ ÷ ,I(1)

0 = 0 
̄ Â ª .Ý þÂ � ðüõ.À�þ�üõ ´¨¢ �� β ø α °
 þ�Â® ,Ý��î ý¤�Áð�� (44) ý
 �ó¢�ãõ
α(n + 1)2 + β(n + 1) − αn2 − βn = n + 1 ⇒ α = β =

1

2
. (45).I(1)

n = n(n + 1)/2 ¢�ªüõ �¹�µ÷ ��ßþ� ¥� �î¤¢ I
(2)
n �¤�¬ßþ� ¤¢ .Ý��î �±¨�½õ �¤ I

(2)
n =

∑n
k=0 k2 ý
 ��ÜÞ� À�� À�þ�� � (6
ñ�·õ.À�îüõ ëÀ¬ Âþ¥ ý
 üÜ®�Ô� ý
 �ó¢�ãõ

I
(2)
n+1 − I(2)

n = (n + 1)2. (46)�¹�µ÷ ,I(2)
0 = 0 
̄ Âª .ÝþÂ�ðüõ ���� ö���ä �� �¤ I

(2)
n = αn3 + βn2 + γn + δ §
 À�ø β ø α °
 þ�Â® ,(46) ý
 �ó¢�ãõ ¤¢ ���� ö
 ���ä �� §À� ßþ� ý
 ¤�Áð�� �� .δ = 0 ,ÀûÀ�õ¥� ´¨� �¤�±ä Àþ�üõ ´¨¢ �� °��Â� ßþ� �� �î ü���� .À�þ�üõ ´¨¢ �� γ

I(2)
n =

n(n + 1)(2n + 1)

6
. (47).Ýþ¤ø� ´¨¢ �� Ý�÷���üõ °��Â� ß�Þû �� ��÷ �¤ I

(3)
n =

∑n
k=0 k3 ý
 ��ÜÞ� À��

I(3)
n =

n2(n + 1)2

4
. (48)

N �¤ ¯�Æì� ¢
 �Àã� ø α �¤ ��ø ý
 ùÂú� .¢Â�ðüõ ��ø ×÷�� ¥� C0 ý
 ù¥�À÷� �� ý¢Âê (7
ñ�·õ¥� Å� .À�î ´¡�¢Â� Àþ�� (q �f ·õ) üçÜ±õ �� ÍÆì Âû ¤¢ ø� Ý���±� Ý�û��¡üõ .ÝþÂ�ðüõ�� ÍÆì n ¥� Å� ø ´¨� ¤�ØûÀ� (r := 1 + α) ,C1 = rC0 − q ý
 ù¥�À÷� �� ø� ÍÆì ×þ.´¨� ¤�ØûÀ� Cn ý
 ù¥�À÷�
Cn = rCn−1 − q. (49)9
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.´¨� q/(r − 1) «�¡ �
 ��� ø Arn ßðÝû Ç
 ¿� �
 ���
Cn = Arn +

q

r − 1
. (50)¢�ªüõ �¹�µ÷ ,C0 ý
 ��óø� 
̄ Âª ¥� ù¢�Ôµ¨� ��

Cn = C0r
n −

q(rn − 1)

r − 1
. (51),Ý��î ù¢�Ôµ¨� CN = 0 ý
 ¥Âõ 
̄ Âª ¥� Àþ�� Ýþ¤ø� ´¨¢ �� �¤ q ÍÆì ¤
�ÀÖõ �î ö� ý
 �Â�

q =
C0(r − 1)rN

rN − 1
=

C0α(1 + α)N

(1 + α)N − 1
. (52)

u0 
́ äÂ¨ �� �î M �
Â� �� ýÂÚþ¢ ý
 ù¤£ 
́ Þ¨ �� v0 
́ äÂ¨ �� m �
Â� �� ý�ù¤£ (8
ñ�·õ�
 Â� .ÀþÂ�Ú� ö�¨Çî �¤ ù¤£ ø¢ ß
 �� ¢
 ¤�¡Â� .(u0 < v0) ¢�ªüõ ���Â� ´¨� ´îÂ� ¤¢�� ÷ �¤ ¤�� þ¢ � � m ¢
¤�¡Â� .À�îüõ ¢¤�¡Â� ¤�� þ¢ � � ø ¢¢Âðüõ Â� M � � ¢¤�¡Â� ¥� Å� m¢
¤�¡Â� ¢
 �Àã� ß���Ýû ø M ø m ý
 �û�Â� ü
 þ�ú÷ 
́ äÂ¨ Ý�û��¡üõ .ÝþÂ�ðüõ ö�¨Çî.Ýþ¤ø� ´¨¢ �� �¤ Ýû �� �ûö�
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx

xxxxxxx
xxxxxxx
xxxxxxx
xxxxxxx
xxxxxxx
xxxxxxx
xxxxxxx

xxxxxx

xxxxxxxx

m

M

v0
u0ý
 øÂ�÷ ,�Â� ø¢ ¢
¤�¡Â� ¤¢ ö�� ø ´¨� �µÆþ�� ý�Â÷� À�µÆû ö�¨Çî �û¢¤�¡Â� ö��­�ä ù¤£ ý
 �÷�Ø� 
́ ú� ÍÖê ¤��þ¢ �� ¢¤�¡Â� ¤¢ .´¨� �µÆþ�� Ûî ý
 �÷�Ø� ,Ýþ¤�À÷ ü�¤�¡.¢�ªüõ¥� Û±ì M �
Â� ´äÂ¨ ø vk �¤ ©¢¤�¡Â� ß�õ�e k + 1 ¥� Û±ì m �
Â� ´äÂ¨ ý
 ù¥�À÷�,Àû¢üõ üÈ±�� ý
 �Â÷� ø �÷�Ø� ý
 �Ö� .ÝþÂ�ðüõ uk �¤ ¢¤�¡Â� ß�õ�e k + 1

mvk + Muk = −mvk+1 + Muk+1

mv2
k

2
+

Mu2
k

2
=

mv2
k+1

2
+

Mu2
k+1

2
. (53)10
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.Ýþ¤ø� ´¨¢ �� uk ø vk °
 Æ� Â� �¤ uk+1 ø vk+1 Ý�÷���üõ Í��ø ¤ ßþ� ¥� ù¢�Ôµ¨� ��
uk+1 =

2m

M + m
vk +

M − m

M + m
uk

vk+1 =
M − m

M + m
vk −

2M

M + m
uk. (54)ö
 ���ä �� �¤ uk = BZk ø vk = CZk ý
 �û§À� �î ´¨� üê�î �û�ó¢�ãõ ßþ� Û
 � ý
 �Â�.Ý��î ý¤�Áð�� (54) ¤¢ ����

BZ =
2m

M + m
C +

M − m

M + m
B

CZ =
M − m

M + m
C −

2M

M + m
B

⇒
B

C
=

2m/(M + m)

Z − (M − m)/(M + m)
=

Z − (M − m)/(M + m)

−2M/(M + m)
. (55).À�þ�üõ ´¨¢ �� B/C ø Z �ó¢�ãõ ßþ� Û
 � ��

Z = e±iθ, cos θ :=
M − m

M + m
B

C
= ∓i

√

m

M
. (56)¥� À÷�d�¤�±ä uk ø vk

vk = Ceikθ + C∗e−ikθ

uk =

√

m

M

(

−iCeikθ + iC∗e−ikθ
)

. (57).À�ª�� Ýû Í
 Üµ¿õ �
 ø¢�õ C∗ ø C �î ¢�ªüõ ßþ� �� Â¹�õ �û´äÂ¨ ö
 ¢�� üÖ�Ö� ��ßþ� ¤¢Ó
 þÂã� �¹�µ÷ ß�Þû ö
 ¢¤ø� ´¨¢ �� ý
 �Â� ÂÚþ¢ ù
�¤ ×þ
Sk := vk + i

√

M

m
uk, (58)¢�¢ ö�È÷ ö���üõ üµ��¤ �� (54) ¥� ù¢�Ôµ¨� �� .´¨�

Sk+1 = eiθSk = · · · = eikθS0, (59)11
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¢
 �Àã� Ý�û��¡üõ .u0 = 0 ø m/M = 0.01 À��î­Âê .¢¤�¢ �¤ (56) Ó
 þÂã� ö�Þû θ �î
̄ Âª .θ = 11.4◦ ùÀªù¢�¢ ý
 �ûÂµõ�¤�� ¥� ù¢�Ôµ¨� �� .Ýþ¤ø� ´¨¢ �� �¤ �Â� ø¢ ß
 �� ¢
 ¤�¡Â�,�î ´¨� ö� ¢Â�Ú÷ �¤�¬ ý¢¤�¡Â� ÂÚþ¢ �îö�
vk ≤ uk, ⇒ cot(kθ) ≤

√

m/M = 0.1 ⇒ kθ ≥ 84◦ (60).Àþ�üõ ´¨¢ �� k = 7 ¢¤�¡Â� ¢
 �Àã� �� ßþ� ¥�ýÂÚþ¢ ý
 ù¤£ ¤��þ¢ ý
 �� �� �î �ø�Ô� ßþ� �� üóø ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ Û±ì ñ
 �·õ ö�Þû (9
ñ�·õ�¤ �û¢¤�¡Â� ö�î�Þî .¢ø¤üõ ²� 
́ Þ¨ �� w0 ý
 ��óø� 
́ äÂ¨ �� �î ¢¤�¢ ¤�Âì M �
Â� ��.ÀþÂ�Ú� ö�¨Çî
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx

xxxxxxx
xxxxxxx
xxxxxxx
xxxxxxx
xxxxxxx
xxxxxxx
xxxxxxx

xxxxxx

xxxxxxxx

xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx
xxxxxxxxxxxxxxx

xxxxxx m

M

v0

M

u0w0¥� Û±ì M �
Â� ø¢ ´äÂ¨ ø vk �¤ ©¢¤�¡Â� ß�õ�e k + 1 ¥� Û±ì m �
Â� ´äÂ¨ ý
 ù¥�À÷�Âû ¤¢ �÷�Ø� ø ý�Â÷� ý
 üÚµÆþ�� ¥� ù¢�Ôµ¨� �� .ÝþÂ�ðüõ wk+1 ø uk �¤ ¢¤�¡Â� ß�õ�e k + 1.Ý�¨¤üõ Âþ¥ Í
 ��ø ¤ �� �û¢¤�¡Â� ¥� ×þ
uk+1 =

2m

M + m
v2k +

M − m

M + m
uk

v2k+1 =
M − m

M + m
v2k −

2M

M + m
uk. (61)

wk+1 =
2m

M + m
v2k+1 +

M − m

M + m
wk

v2k+2 =
M − m

M + m
v2k+1 −

2M

M + m
wk. (62)ö�Þû �� ��÷ �û�ó¢�ãõ ßþ� .Ýþ¤�¢ ùÀª ´Ô� ü
 Ü®�Ö� ý
 �ó¢�ãõ �µ¨¢ ×þ ��ßþ� ¤¢Û� Ý� ÷�� �üõ wk = DZ2k+1 ø uk = BZ2k ø vk = CZk ý
 ¤�Áð�� � � ø üÜ ± ì ©
 ø¤.À�þ�üõ ´¨¢ �� D/C ø B/C ø Z �û�ó¢�ãõ ö� Û
 � �� .Ý��î12
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Z = e±iφ, cosφ :=
M

M + m
D

C
=

B

C
=

1

2M
[−m ± i

√

m(m + 2M)]. (63)¥� À÷�d�¤�±ä wk ø uk ,vk

vk = Ceikφ + C∗e−ikφ

uk = Be2ikφ + B∗e−2ikφ

wk = Dei(2k+1)φ + D∗e−i(2k+1)φ. (64).À�þ�üõ ´¨¢ �� wk ø uk ,vk ,��óø� ý
 �û´äÂ¨ ß
 µÆ÷�¢ ��¤��þ¢ �� ø Ýû �� k ü
 µ¿¨ °
 þÂ® �� ���Èõ Â
 �ê N + 1 Í
 ¨�� m �
 ��Èõ �
 Â� N (10
ñ�·õ.Ýþ¤ø� ´¨¢ �� �¤ ÝµÆ�¨ ßþ� ü
 ã�±Ï ý
 �ûÀõ�Æ� Ý�û��¡üõ .À÷�ùÀª Û¬ø
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx

xxxxxxxx
xxxxxxxx
xxxxxxxx
xxxxxxxx
xxxxxxxx
xxxxxxxx

xxxxxxx
xxxxxxx
xxxxxxx
xxxxxxx
xxxxxxx
xxxxxxx
xxxxxxx

xxxxxxxx
xxxxxxxx
xxxxxxxx
xxxxxxxx
xxxxxxxx
xxxxxxxx
xxxxxxxx

xxxxxxx
xxxxxxx
xxxxxxx
xxxxxxx
xxxxxxx
xxxxxxx
xxxxxxx

x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x

x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x

xxxxxxx
xxxxxxx
xxxxxxx
xxxxxxx
xxxxxxx
xxxxxxx
xxxxxxx

mmm m mk k k kk´îÂ� ý
 �ó¢�ãõ �¤�¬ ßþ� ¤¢ .ÝþÂ�ðüõ xk �¤ Çó¢�ã�
Ûa ½õ ¥� ��e k ý
 ù¤£ üþ������¥� ´¨� �¤�±ä �û�Â�
mẍ1 = k(x2 − 2x1)

mẍ2 = k(x3 + x1 − 2x2)
...

mẍn = k(xn+1 + xn−1 − 2xn)
...

mẍN = k(xN−1 − 2xN ) (65).¢Âî �¬�¡ ý¥Âõ 
̄ Âª ø¢ �� ù�¤Ýû �ó¢�ãõ ×þ ¤¢ ö���üõ �¤ �ó¢�ãõ �µ¨¢ ßþ�13
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mẍn = k(xn+1 + xn−1 − 2xn), x0 = xN+1 = 0. (66)´¨� � µ¨� � � � î ö� õ¥ Â
 � ç µ õ � � ´±Æ ÷ � ó¢� ã õ ß þ� .À � µÆû ùÂ � ç µ õ ø¢ � û� ó¢� ã õ ß þ�ý
 �ó¢�ãõ ×þ ,´¨� �µÆÆð ø ù¤£ ý
 ù¤�Þª �î n Å
 þÀ÷� �� ´±Æ÷ ø Û�Æ÷�ÂÔþ¢ ý
 �ó¢�ãõý
 �ó¢�ãõ �� ø 3Ý��îüõ ùÂ�çµõ ×þ �¤ �ó¢�ãõ xn = Cneiωt �
 �¿µ÷� �� �Àµ�� .´¨� üÜ®�Ô�.Ý�¨¤üõ Âþ¥ ý
 üÜ®�Ô�
− mω2Cn = k(Cn+1 + Cn−1 − 2Cn), C0 = CN+1 = 0. (67)´¨¢ �� �¤ Z ��ö� ¥� ø Ý��îüõ ý¤�Áð�� �¤ Cn = CZn §
 À� �ó¢�ãõ ßþ� Û
 � ý
 �Â �.Ýþ¤ø�üõ

Z2 + (
ω2

ω2
0

− 2)Z + 1 = 0, (68).Z1Z2 = 1 ��� ý
 �ó¢�ãõ �
 ��� ø¢ �
 Â®Û
 ¬�� �î ´¨� ¼®�ø .ω0 :=
√

k/m ��ßþ� ¤¢üØþ ý
 ù¥�À÷� ü�ãþ ,Ýû §
 �Øãõ ø üÖ�Ö� Z ý
 �û���� ,Àª�� ω ≥ 2ω0 �î ü�¤�¬ ¤¢,Àª� � ω < 2ω0 � î ü �¤�¬ ¤¢ .À � µ Æ û×þ ¥� Â �×�� î ýÂÚ þ¢ ý
 ù¥�À ÷� ø Â �ï¤� �ý
 üÎ¡ °
 �îÂ� üÜî �
 ��� ø Ýû §
 �Øãõ �
 ��� ø¢ �¤�¬ Âû ¤¢ .À�µÆû ¥�ê Z ý
 �û����.´¨� ���� ø¢ ßþ�
Cn = D1Z

n + D2Z
−n. (69).´Æ�÷ Â�ï¤�� ×þ ¥� ©�ù¥�À÷� �î ÝþÂ�ðüõ ü���� �¤ Z.¢�ªüõ ´þ�ú÷ü� Cn �÷Âðø ¢�ª ÂÔ¬ Àþ�� D2 °
 þÂ® ,Àª�� ω ≥ 2ω0 ø N → ∞ Âð�.¢�ªüÞ÷ Ç¿� �Ø±ª ¤¢ 2ω0 ¥� Â�ï¤�� ý
 �ûÅ÷�îÂê �� �
 ��õ� �î ´¨� ö� éÂ� ßþ� ü
 �ãõø D2 = −D1 ,Àû¢üõ �¹�µ÷ �î ,C0 = CN+1 = 0 ù¤£ ý¢øÀ½õ ¢
 �Àã� ý
 �Â�

ZN+1 − Z−(N+1) = 0, ⇒ Z2(N+1) = 1 (70)×þ ¥� Â�×��î �þ Â�ï¤�� ý
 ù¥�À÷�� � ÍÜµ¿õ ý¢Àä �þ ø üÖ�Ö�
Z ý
 �Â� �¤ �Î��¤ ßþ�,¢�ªüõ �¹�µ÷ Z = eiθ ¥�ê ×þ �
 ¤�¬ �� Z ß
 µêÂð ��.¢Âî ¤�ÂìÂ� ö���üÞ÷
θ =

sπ

N + 1
, s = 0, 1, 2, · · · (71),Ý�Æþ��� Fxn = 0 ý
 ÂðÛÞä Û
 Øª �� �¤ �ó¢�ãõ ßþ� Âð� ø À�µÆû ö�õ¥ ¥� ÛÖµÆõ (66) ý
 �ó¢�ãõ ¤¢ °þ�Â®3ý
 �Â� íÂµÈõ â
 ���ùÄþø Ý�÷���üõ Å� ,´¨� üþ������ ,∂/∂t ,ö�õ¥ ñ
 �½� Â
 ðÛÞä �� F Â
 ðÛÞä �î ´¨� ¼®�ø.´¨� ö�õ¥ ñ
 �½� Â
ðÛÞä â
 ���ùÄþø Cneiωt .Ý����� �ûö�14
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¥� ´¨� �¤�±ä xn ý
 �Â� ���� ßþÂ�üÜî ´¨� üÖ�Ö� xn �î ßþ� ß
 µêÂð ÂÑ÷ ¤¢ ��
xn = D(einθ − e−inθ)eiωt + D∗(e−inθ − einθ)e−iωt. (72)�þ

xn = (E cosωt + F sinωt) sin nθ. (73)�� À�µÆû �� N �î ÝµÆ�¨ ü
 ã�±Ï ý
 �ûÀõ�Æ� (68) ý
 �ó¢�ãõ ¤¢ Z = eiθ ý
 ¤�Áð�� ��.Àþ�üõ ´¨¢
ωs = 2ω0 sin

[

sπ

2(N + 1)

]

, s = 1, 2, · · · , N. (74).´Æ�÷ ñ�±ì Û
 ��ì �î À÷�ªüõ xn = 0 �
 ��� �� Â¹�õ s = N + 1 ø s = 0 ý
 �û´ó��.À�û¢üÞ÷ ýÀþÀ� À
 õ�Æ� s > N + 1 ý
 �û´ó��Â
 �ê 2N + 1 Í
 ¨�� ö��õ ¤¢ ×þ �¤�¬ �� M �
 ��Èõ �
Â� N ø m �
 ��Èõ �
Â� N (11
ñ�·õßþ� ü
 ã�±Ï ý
 �ûÀõ�Æ� Ý�û��¡üõ .À÷�ùÀª Û¬ø ¤��þ¢ �� ø Ýû �� k ü
 µ¿¨ °
 þÂ® �� ���Èõ.Ýþ¤ø� ´¨¢ �� �¤ ÝµÆ�¨
xxxxxxxx
xxxxxxxx
xxxxxxxx
xxxxxxxx
xxxxxxxx
xxxxxxxx

xxxxxxxx
xxxxxxxx
xxxxxxxx
xxxxxxxx
xxxxxxxx
xxxxxxxx
xxxxxxxx

xxxxxxx
xxxxxxx
xxxxxxx
xxxxxxx
xxxxxxx
xxxxxxx
xxxxxxx

xxxxxxxxx
xxxxxxxxx
xxxxxxxxx
xxxxxxxxx
xxxxxxxxx
xxxxxxxxx
xxxxxxxxx
xxxxxxxxx
xxxxxxxxx

x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x

xx
xx
xx
xx
xx
xx
xx
xx
xx
xx
xx
xx
xx
xx
xx
xx
xx
xx
xx
xx
xx

xxxxxxxxx
xxxxxxxxx
xxxxxxxxx
xxxxxxxxx
xxxxxxxxx
xxxxxxxxx
xxxxxxxxx
xxxxxxxxxmk

M
k mk m k

M
kÂþ¥ ý
 ¥Âõ 
̄ Âª ø¢ �� �ó¢�ãõ ø¢ ¤¢ �¤ �û�Â� 
́ îÂ� ý
 �ó¢�ãõ ß���÷ ö
 �÷�ì ß
 µª�÷ ��.¢Âî �¬�¡ ö���üõ

Mẍ2n = k(x2n + x2n−2 − 2x2n−1)

mẍ2n−1 = k(x2n + x2n−2 − 2x2n−1), x0 = x2N+1 = 0. (75)�� ��� ý
 �û�ó¢�ãõ ¤¢ x2n = B2neiωt ø x2n−1 = A2n−1e
iωt ý
 �û§À� ý¤�Áð�� ��.Ý�¨¤üõ ý�ùÀª´Ô� ý
 üÜ®�Ô� ý
 �û�ó¢�ãõ15
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−Mω2B2n = k(A2n+1 + A2n−1 − 2B2n),

−mω2A2n−1 = k(B2n + B2n−2 − 2A2n−1), B0 = A2N+1 = 0. (76)Ýþ¤ø�üõ ´¨¢ �� �¤ B2n ñø� ý
 �Î��¤ ¥�
B2n =

k

2k − Mω2
(A2n+1 + A2n−1), (77).Ý��îüõ ý¤�Áð�� ýÂÚþ¢ ¤¢ ø

[

(2k − mω2)(2k − Mω2)

k2
− 2

]

A2n−1 = A2n+1 + A2n−3. (78)�� An �ú�� ö�� ´¨� ¼®�ø �µ±ó� .Ý�¨¤üõ An ý
 �Â� üÜ®�Ô� ý
 �ó¢�ãõ ×þ �� �õ ��ßþ� ¤¢´¨¢ �� ¢Âê ý�ûÉ¡�ª �� An �ú�� Í��ø ¤ ßþ� ¥� ,Àª ¢¤�ø �û�ó¢�ãõ ¤¢ ¢
Âê ý�ûÉ¡�ª.ÝþÂ�ðüõ A2n−1 = AZ2n−1 �
 ¤�¬ �� �¤ ���� üÜ®�Ô� ý
 �ó¢�ãõ ßþ� Û
 � ý
 �Â� .Àþ�üõÀþ�üõ ´¨¢ �� (77) ý
 �ó¢�ãõ ¤¢ A2n+1 ø A2n−1 ý
 ¤�Áð�� �� ��÷ B2n

B2n = BZ2n, B :=
2k − mω2

k(Z + Z−1)
A. (79).Àþ�üõ ´¨¢ �� Z ý
 �Â� Âþ¥ ý
 �ó¢�ãõ (78) ý
 �ó¢�ãõ ¤¢ A2n−1 = AZ2n−1 ý
 ¤�Áð�� ��

(2k − mω2)(2k − Mω2)

k2
− 2 = Z2 + Z−2

⇒ ω4mM − 2kω2(m + M) − k2(Z − Z−1)2 = 0. (80)�
 ¤�¬ �� B2n ø A2n−1 ý
 üÜî �
 ��� .À�µÆû Ýû §
 �Øãõ Z ý
 �û���� Û±ì ñ
 �·õ Û
 ·õ,À�µÆû Âþ¥
x2n−1 = AZ2n−1 + A′Z−2n+1

x2n = BZ2n + B′Z−2n. (81)ý
 ý¥Âõ 
̄ Âª ¥� ù¢�Ôµ¨� �� .À÷�d¯��Âõ Ýû �� (79) Õ
 ��Îõ (B′ ø A′ ¤�Ïß�Þû ø) B ø A.À�îüõ ß�ãõ �¤ Z ¤
�ÀÖõ A2N+1 = 0 ý
 ý¥Âõ 
̄ Âª .¢�ªüõ B = B′ ,B0 = 0

Z2N+1 − Z−(2N+1) = 0, ⇒ Z2(2N+1) = 1 (82)16
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,¢�ªüõ �¹�µ÷ Z = eiθ ß
 µêÂð �� .¢Âî ¤�ÂìÂ� ö���üÞ÷ üÖ�Ö�
Z ý
 �Â� �¤ �Î��¤ ßþ�
θ =

sπ

2N + 1
, s = 0, 1, 2, · · · (83).Àþ�üõ ´¨¢ �� ÝµÆ�¨ ü
 ã�±Ï ý
 �ûÀõ�Æ� 2N ,(78) ¤¢ Z ý
 �Â� ¤�ÀÖõ ßþ� ý
 ¤�Áð�� ��

(ω±

s )2 =
k

µ

[

1 ±

√

1 −
4µ2

mM
sin2 θs

]

, s = 1, 2, · · · , N. (84)
ω+

s ≥
√

2k/µ �î ´¨� ¼®�ø .M > m Ý��î ­Âê .µ := mM/(m + M) �Î��¤ ßþ� ¤¢¤ø�¹õ ý
 �û�Â� 
́ îÂ� �î ´¨� üµìø �� ¯��Âõ �ûÀõ�Æ� ßþ� ü�ãþ .B/A ≤ 0 ßþ� Â� ��� ø�ûÀõ�Æ� ßþ� ü�ãþ .B/A ≥ 0 ßþ� Â� ��� ø ω−
s ≤

√

2k/µ ÂÚþ¢ é
 ÂÏ ¥� .´¨� ¥�êÝûÂ
 �èý
 �Â� �ÜÿÆõ ß�Þû ´¨� ��¡ .´¨� ¥�êÝû ¤ø�¹õ ý
 �û�Â� 
́ îÂ� �î ´¨� üµìø �� ¯��Âõü¨¤Â� ,´¨� �û M ¥� Â�Ç�� üØþ �û m ¢
 �Àã� �f ·õ ü�ãþ ,´¨� ¢Âê ��¤£ ¢
 �Àã� �î üµìøßþ� ¤¢ .Àª�� �µª�¢ Ù�û�Ýû ´îÂ� �û¤��þ¢ ¥� üØþ �î ´¨� ßþ� ÂÚþ¢ °
 ó�� 
́ ó�� .À��î.Ýþ¤�¢ �µª�¢�ø ý
 �ûÂðö�¨�÷ �¤�¬×þ �� ¢Âðñø �Àì Âû ¤¢ .Ý��î ü¨¤Â� �¤ ö¤�Öµõ 
́ Èðñø ý
 �ÜÿÆõ À�þ��� ��� (12
ñ�·õ¤¢ ��e n �
Àì ¤¢ �î ö� ñ
 �Þµ�� .¢ø¤üõ ´¨�¤ �þ ø ²� 
́ Þ¨ �� 1/2 ñ
 �Þµ�� �� ø ù¥�À÷�¤¢ Àþ�� ,Àª�� s ö
 �Øõ ¤¢ ��e (n + 1) �
Àì ¤¢ �î ö� ý
 �Â� .ÝþÂ�ðüõ Pn,s �¤ Àª�� s ö
 �Øõ.Àª�� (s + 1) �þ (s − 1) ö
 �Øõ ¤¢ ��e n �
Àì
Pn+1,s =

1

2
[Pn,s−1 + Pn,s+1] . (85)Àóa�õâ
 ��� Ó
 þÂã� �� .À�õ�÷üõ ¤¢�õ ý
 �ó¢�ãõ �¤ �ó¢�ãõ ßþ�

Gn(Z) :=

s=∞
∑

s=−∞

Pn,sZ
s (86).Àþ�üõ ´¨¢ �� Àóa�õâ
 ��� ý
 �Â� ý��ó¢�ãõ ,¤¢�õ ý
 �ó¢�ãõ ¥� ù¢�Ôµ¨� ø

Gn+1(Z) =
1

2

[

ZGn(Z) + Z−1Gn(Z)
]

,

⇒
Gn+1(Z)

Gn(Z)
=

Z + Z−1

2

⇒ Gn(Z) =

(

Z + Z−1

2

)n

G0(Z). (87)17
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��ßþ� ¥� �î ,P0,s = δs,0 �¤�¬ ßþ� ¤¢ .ÝþÂ�ðüõ ��Êµ¿õ
�bÀ±õ �¤ ¢Âðñø ý
 ��óø� ö
 �Øõ
G0(Z) =

s=∞
∑

s=−∞

P0,sZ
s =

s=∞
∑

s=−∞

δs,0Z
s = 1 (88)¢�ªüõ Àóa�õâ
 ��� ßþ� Â� ���

Gn(Z) =

(

Z + Z−1

2

)n

= (
1

2
)n(Z + Z−1)n

=

m=n
∑

m=0

n!

m!(n − m)!

Zn−2m

2n
(89)´¨¢ �� Pn,s ,Àóa�õ â
 �� � Ó
 þÂã� �� ���� ßþ� ý
 �Æþ�Öõ ø s := n − 2m Â
 �çµõ Â
 ��ç� � �.Àþ�üõ

Pn,s =







n!
[(n−s)/2]![(n+s)/2]!

1
2n

, n + s = �ø¥
0, n + s = ¢Âê (90)Àû¢üõ �¹�µ÷ ñ�Þµ�� ý
 �Ö� .¢¤�¢ ��÷ ýÂÚþ¢ «
 ��¡ Àóa�õâ
 ���
Gn(1) =

s=∞
∑

s=−∞

Pn,s = 1. (91).Ý�Æþ��� Ý�÷���üõ Àóa�õâ
 ��� °
 Æ� Â� �¤ ��e n �
Àì ¤¢ ¢Âðñø Í
 ¨�µõ ö
 �Øõ
dGn(Z)

dZ

∣

∣

∣

Z=1
=

s=∞
∑

s=−∞

sPn,s = s̄. (92)°
 Æ� Â� ��÷ �¤ ∆s ø s̄2 .s̄ = 0 ö¤�Öµõ 
́ Èðñø ý
 �ÜÿÆõ ü�ãþ «�¡ ñ
 �·õ ßþ� ý
 �Â�.´ª�÷ ¢�ªüõ Gn(Z) ý
 �ûÕµÈõý
 �Â� üµãþÂª À
 Þ�� ø ,üúÜó�¼µê ß
 �Æ�Â�õ� ø üõÂ¡ À
 Þ½õ ¥� Ý÷�¢üõ �¥� -ü÷�¢¤Àì.Ý�î ÂØÈ� À�µª�¢ �ó�Öõ ßþ� ¢
 ¤�õ ¤¢ �î ýÀ�Ôõ ý
 �û¢�ú÷Ç��â��Âõ 5.´¨� ùÀª �ãó�Îõ üÜ®�Ô� ý
 �û�ó¢�ãõ Âþ¥ ý
 �û��µî ¤¢
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