Lemma 1. Let z € G such that \EQ (zR2)|] = P, P a prime where Ry =
Ry(G).Then for all y € G with E% (zR,) = E2 (ng) , we have E%(x) = E%(y)
Rg

Proof. We have that Eéix) < F% (zR,). Suppose that &ix) < F% (zR,) since

Ro Ro

|E2 (zR2)| = P and [~$— Ee@) | divides |E2 (xRy)| so | | =1= Fi(z) =Ry, =
Ro
x € Ry , a contradiction clearly , E];iy) < EQQ(yRQ) = F% (zR;). Therefore
Ry Ry
]E2 (zRy)| = ] \ and so R(y) = E%{ix). Thus

E2(x E
c(2) = c(v) = {Ry, 1Ry, taRy, ..., t,_1Ro }
R, R,

where{t,...,t,-1} € E&(z)( E&(y) — Ry. So E%(z) = EZ(y). Hence , the lemma
follows. -

Theorem 1. Let G be a group and P be a prime. If R2C(;G) = (Cp x Cp then
B2 (2)| = P +2

Proof. Suppose, first that 7= = Cp x Cp then

L) = (Roz, Roy|(Roz)” = (Roy)” = Ry) , (Ro) (Roy) = (Roy)(Ro)

= (Roz, Royla”, 4" a7y oy € Ry)
G
Ry

H
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where t; € H — Ry and 7 € {1,2,...,p — 1} so the proper subgroups of G properly
containing Ry are

H1 :RQ U RQI‘Q U RQIL‘S U s U RQZL‘P_I
H; =R, U Ry U Roy? U Ryt
H; =R, U R2x2y U R2x2y2 U R2x2yp’1

H a
If@<E,then

= P. There for H = Ry [JRata J- - - JRat,—1

Hpiy :RQURQ;(;P*@UR%P 1 2U Rya P 1yP!

No we will show that Hy, Hs, ... Hp 1 are only proper Engelizer of G. Let a € G—R,
, a € G — Ry then Rya = Ryk such that

P-1 P-1 2 P-1 P-1 P-1, P—1
k:G{:L‘,...m Yy Yy Ty Yyt Ly Y, e,y }
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There for F2% (Roa) = E% (Rok) from lemma (1] we have EZ(a) = E2 (k). Again let
Ry Ry
k € H; — Ry(G) then E%(k) € Uj:rll H; as H—1,H,,... Hp, are the only proper
subgroups of G. Also k € EZ(k), therefor E%4(k) # H;,1 < j<P+1andi#j.

therefore Eé(k) = H; . Hence Hy, H,,... Hp,, are the only proper Engelizer of G.
thus |F4| = P + 2. This complete the proof. To the reverse of theorem we check

for p=2,3,5,7. O
Theorem 2. Let G be agroup. Then |Cent(G)| = 4 if only if % >~ Oy x Oy
Proof. 1 m



